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V kh ∩ L
2
0(Ω)
Â {µ  uŁy§}y[eŁy[VÃ*¶yÁy
pih
y Łm}y½uŁy§m wŁm
L2
Íbw}my[,º Xm"yFﬀ}Öm e
uŁy 2H Ł×y¼y[ºy[x2y e}wmy[[Ãm wP¶y1xP·yL Ł% w}m wmHByy wy1"y¶yy 2uŁy¨Ł}my[}m Pm e
uŁy*Ìmy[º×m w%w}yT}}Ły}wmy[[Â+ÜÝyL e}Łwy3Ły[y[¶*}yº Ły[mŁw}n¸x2}yTÌmy[º×
βh ∈ [V
1
h ]
d }wFu}uw
‖β − βh‖0,∞,K ≤ ChK‖β‖1,∞,K , ∀K ∈ Th.
ÆV£mÊ
»¼y Łm} Ł½uŁyÖŁw,%}wy
W kh
def
= [V kh ]
d × Qkh
Ł 2w w×yÖyyx2y ex2yuŁÓ}yTmŁ5E 2w H
(uh, ph) ∈ W
k
h
HFu®uwﬀ
A
(
(uh, ph), (vh, qh)
)
= F
(
(vh, qh)
)
, ∀(vh, qh) ∈ W
k
h ,
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A
(
(uh, ph), (vh, qh)
) def
= ah(uh,vh) + bh(ph,vh)− bh(qh,uh)
+ ju(uh,vh) + jp(ph, qh),
ÆbÈÊ
ah(uh,vh)
def
= a(uh,vh)− 〈2νε(uh)n,vh〉∂Ω − 〈uh, 2νε(vh)n〉∂Ω
− 〈β · nuh,vh〉∂Ωin +
〈
γν
ν
h
uh,vh
〉
∂Ω
+
〈
γn max
{
|β|,
ν
h
}
uh · n,vh · n
〉
∂Ω
,
ÆÚÅÊ
bh(ph,vh)
def
= b(ph,vh) + 〈ph,vh · n〉∂Ω ,
ÆÚ¦Ê
ju(uh,vh)
def
=
∑
K∈Th
γβ
h2K
‖β‖0,∞,K
∫
∂K
(βh · J∇uhK) · (βh · J∇vhK) ds
+
∑
K∈Th
γdivh
2
K‖β‖0,∞,K
∫
∂K
J∇ · uhKJ∇ · vhK ds,
ÆÇ[ªÊ
jp(ph, qh)
def
=
∑
K∈Th
γpξ(ReK)
h2K
‖β‖0,∞,K
∫
∂K
J∇phK · J∇qhK ds,
ÆÇmÇTÊ
F
(
(vh, qh)
) def
= (f ,vh),
n
uŁymŁ¶m®Hº e} ŁP Ł}xPmH
∂Ω
ÃŁm ww}º Ł
uŁy ŁFﬀº 
ReK
def
=
‖β‖0,∞,KhK
ν
, ξ(λ)
def
= min{1, λ},
〈x, y〉∂Ω
def
=
∑
e⊂∂Ω
∫
e
xy ds, ∂Ωin
def
= {x ∈ ∂Ω : (β · n)(x) < 0}.
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yTewﬀº w2×x
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(γdivh∇ · uh,∇ · vh)
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A
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(u, p)
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ﬀﬂ@
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ÆÇTÊ
<7ﬀ%
 -,. 
9ﬀ7
[H3/2+(Ω)]d+1
ﬂﬁ	-,
 > 0
!ﬁ/ ﬀ%
(uh, ph) ∈ W
k
h
<7#-,. ﬀﬂ@
	ﬁ+ 4
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A
(
(u− uh, p− ph), (vh, qh)
)
= 0, ∀(vh, qh) ∈ W
k
h .
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m wÏ}uŁy2¹Ú,}uwŁ wy[}uŁyPyŁ×½m}Łx2}m w
jp(p, qh) = 0
 w
ju(u,vh) = 0
Ã+} wy
J∇pKe = 0
 w
J∇uKe = 0
¹ÔmLmº6 e}y[}m*yTmyT
e
Â
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2wm}y[
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xPﬀ}m 
 Ï¾ È[ËbÂD1yy1¶yLy¸}y[ wPuŁsy[}Łº}
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1uwﬀ¶L}uw3 ½x2y}y Hy¨}uwyFŁºÐ Ł
}y[}xP*m}ymŁ}x2mVÂ
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pi∗h : [H
2(Th)]
d −→ [V kh ]
d
ﬁ /&7ﬁ.ﬁ 
γβ

γlow
/K89/ﬁ	' ﬁ -,.Jﬀ%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γlowjβ(vh,vh) ≤ ‖h
1
2
(
βh · ∇vh − pi
∗
h(βh · ∇vh)
)
‖20,Ω ≤ jβ(vh,vh)
4 ﬁﬀﬀ
vh ∈ [V
k
h ]
d
*ﬁ , 
jβ(vh,vh) = γβ
∑
K∈Th
∫
∂K
h2K |βh · J∇vhK|
2 ds.
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xi
Ã6ºy
ni
"y
}uŁy
 Łx%"y¹<yyx2y em emº Ł Ł
xi
m¨® wŁymÂt3uŁy[ 
¶yy2H Ły2Hm}×Í º eyHm 
pi∗h
¹AŁymyy
k

pi∗hv(xi)
def
=
1
ni
∑
{K : xi∈K}
v|K(xi), ∀v ∈ [H
2(Th)]
d.
wm*yTmFu®y[ºy[x2y e
K ∈ Th
m HyuŁy¹ÔŁ w}m 
δK
def
= h
1
2
K
(
βh · ∇vh|K − pi
∗
h(βh · ∇vh)|K
)
.
M<y[m}mÃ
δK(xj) = 0
¹ÔmLyTmFuº eyº* Ły
xj ∈
◦
K
¶*uŁyy[*m }uwyyyx2y eLyTmyTÃŁbÂ ymÂ<¹Ôm1mº
 wŁy[
xj ∈ ∂K
Ã¶<yuwnÌy
δK(xj) = h
1
2
K
1
nj
∑
{K′ : xj∈K′}
βh ·
(
∇vh|K(xj)−∇vh|K′(xj)
)
= h
1
2
K
1
nj
∑
{K′ : xj∈K′}
∑
e∈P (K,K′)
βh(xj) · J∇vhKe(xj),
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¶*uwyy
P (K,K ′)
F wws¹ÔsuŁyym¹+y[Łmy[<"y¶yy 
K
m w
K ′
ÆÙ}uwy¨}uŁm}}yTwﬀuHÊ,Â`ÜÝy Łﬀ¶
 e}wy¨uŁy}y¹Ôyy wy¼y[ºy[x2y e
Kˆ
 w6ÃŁ¹Ôm*y[Fu
K ∈ Th
Ã}uŁy?2 wyx2mŁŁ Ł
FK(xˆ) = BK xˆ + bK , ∀xˆ ∈ Kˆ,
}wFuÏ}uw
FK(Kˆ) = K
Â wmºmÃ5y
ϕKj
ÃB¹Ô
j = 1, . . . , k
Ã6uŁy2wm}1¹Ôw w,º wm 
K
Â2º Hy
δK(xj) = 0
¹Ôm<y[Fu
 e}y[}m wŁy
xj ∈
◦
K
Ã
‖δK ◦FK‖
2
0,∂Kˆ
= 0
x2ŁºyT`}uHﬀ
δK ◦FK = 0
 
Kˆ
Â
t3uwyy¹ÔmymÃ6§y[eŁÌnmºy[ wy2m¹< Ł}xPm Õy}yP}wmy[[Ã6w}º ŁÁm wŁFÝ}[º Łmwx
y[ e
ÆVy[y2¾ ©ŁÇÃŁ5Â¦ÉﬀËÔÊ<m wÝÆÇT©Ê,ÃŁº*¹Ômﬀ¶Lsuwﬀ
‖δK‖
2
0,K = detBK‖δK ◦ FK‖
2
0,Kˆ
≤ C detBK‖δK ◦ FK‖
2
0,∂Kˆ
=
∫
∂Kˆ
1
|B−TK nˆ|
|δK ◦ FK |
2 detBK |B
−T
K nˆ| dsˆ︸ ︷︷ ︸
ds
≤ C|BTK |
∫
∂K
|δK |
2 ds
≤ ChK
∫
∂K
|δK |
2 ds
≤ ChK
∫
∂K
k∑
j=1
|δK(xj)|
2(ϕKj )
2 ds
≤ Ch2K
∫
∂K
k∑
j=1
1
nj
∑
{K′ : xj∈K′}
∑
e∈P (K,K′)
|βh(xj) · J∇vhKe(xj)|
2(ϕKj )
2 ds
≤ Ch2K
∫
∂K
k∑
j=1
1
nj
∑
e∈E(K)
|βh(xj) · J∇vhKe(xj)|
2(ϕKj )
2 ds
≤ Ch2K
∑
e∈E(K)
∫
e
|βh · J∇vhKe|
2 ds,
¶*uwyymÃw ½uŁy¶P¼º ŁyTew×ºyTÃ
E(K)
y[ Ły[*uŁyC}y¨¹`y[Łmy[1m eF Łº w®x2y Łym¹
K
Â¼|¼ }uŁyCuŁy¼uw w5ÃwuŁy%Hm}+ymwm}º®m¹
Th
x
wºy[L}uw1}uwy%xPﬀ¸x%Łx  Łx%"y
m¹+Ł}y Hy[<¹(%yTmy¨ mº"}uwy}yF
E(K)
HŁ wyT®Ö 2Ł¸y[m HF e wy[Hy[ wy[ *m¹
hK
Ât3uŁy +Ãewx
xP}m m 
K
Ã¶ymy3uŁyŁŁ"yL"mw w
‖h
1
2
(
βh · ∇vh − pi
∗
h(βh · ∇vh)
)
‖20,Ω ≤ C
∑
K∈Th
h2K
∑
e∈E(K)
∫
e
|βh · J∇vhKe|
2 ds,
≤ C
∑
K∈Th
∫
∂K
h2K |βh · J∇vhK|
2 ds,
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Íb wmx¡¹ŁuŁyL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δ
ﬀÌy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J∇ · (ihu− pihu)K
2 ds
]
≤ C‖β‖0,∞,Ω
∑
K∈Th
h2K‖∇(ihu− pihu)‖
2
0,∂K
≤ C‖β‖0,∞,Ω
∑
K∈Th
(
hK‖∇(ihu− pihu)‖
2
0,K + h
3
K‖∇(ihu− pihu)‖
2
1,K
)
≤ C‖β‖0,∞,Ωh
2k+1‖u‖2k+1,Ω,
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ju(u− ihu,u− ihu) ≤ C‖β‖0,∞,Ωh
2k+1‖u‖2k+1,Ω.
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ξ(ReK) ≤ 1
Ât3uŁ3ºy[Ł[Ã
jp(p− pihp, p− pihp) ≤ C max
K∈Th
‖β‖−10,∞,Kh
2k+1‖p‖2k+1,Ω,
¶*uwFux
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Í
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
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ßã
±
ß
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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(u, p) ∈ [Hk+1(Ω)]d+1
I4 &(
k ≥ 1
 	 Q-,. 'ﬀﬂ@ 	  4
ÆÇTÊ
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(uh, ph) ∈ W
k
h
<7 , 'ﬀﬂ@ 	 C4
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  ﬃ,.'
|||(u− uh, p− ph)||| ≤ C
[ (
σ
1
2 +
‖β‖1,∞,Ω
σ1/2
)
hk+1 + max{ν, ‖β‖0,∞,Ωh}
1
2 hk
]
‖u‖k+1,Ω
+ C max
K∈Th
‖β‖
− 1
2
0,∞,Kh
k+ 1
2 ‖p‖k+1,Ω,
ﬁ	-,
C > 0
 7ﬁ7ﬁ $/K89/ﬁ	' ﬀﬂﬃ ﬁ
γν

γn

γβ

γdiv
 /
γp
 
  5C4
 
¿+y1yTx
"}y¨}uŁyy[}m
(u− uh, p− ph)
º ¶
H}
u− uh = u− pihu︸ ︷︷ ︸
e
pi
+pihu− uh︸ ︷︷ ︸
−eh
= epi − eh,
p− ph = p− pihp︸ ︷︷ ︸
ypi
+pihp− ph︸ ︷︷ ︸
−yh
= ypi − yh.
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{ *¹Ôºﬀ¶L<}uŁy[ }uw
|||(u− uh, p− ph)||| ≤ |||(e
pi, ypi)|||+ |||(eh, yh)|||.
¿+yx2xPÏ¥HÂ ©ÏmÌmyT2 ÒyTºxP}y¹Ôm
|||(epi, ypi)|||
Ã<uŁy Hy×Ö}@?ÖyT%Õw
|||(eh, yh)|||
Â :1}º Ł
yFÌeºÖ HuŁmm wmººmÃ¿5y[x2x2*¤ŁÂô©%m w½©ÂÇÃŁ¶ymy
C|||(eh, yh)|||
2
≤ A
(
(eh, yh), (eh, yh)
)
= A
(
(epi, ypi), (eh, yh)
)
= ah(e
pi, eh) + bh(y
pi, eh)− bh(yh, e
pi)
+ ju(e
pi, eh) + jp(y
pi, yh)
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y[º}m"yFﬀm* w y} ŁCÖH}3 uŁy Ìmy[}Ìmy¼}y[}xﬂ¶ymŁ 
ah(e
pi, eh) ≤ |||(e
pi, 0)||||||(eh, 0)|||+ |(e
pi,β · ∇eh)|
− 〈2νε(epi)n, eh〉∂Ω − 〈e
pi, 2νε(eh)n〉∂Ω ,
¶*uwyymÃ6¹Ôx2ŁººmÃ}uwyPHŁ wŁm}½yx ¹Ômx«uŁyP y}m ÏÁH}uwHy[y Õ wwyT
 }uwy 2wF1}yxEm uŁy%ºue1uw H½ymÂ*ÜÝy% w}y}uw¼ ½}uŁy
}mx2y¶n¶<y%uwnÌmyÃww}º wP}uŁy
MmwFueÍµFu¶3ÐL Ły[ewmººmÃŁC}Fmyº ŁyTew× w2º[6 eÌyFy¨ Ły[ewmººmÃ
〈2νε(eh)n, e
pi〉∂Ω ≤ C|||(eh, 0)||||||(e
pi, 0)|||.
wmuŁy®}y[m wÝ"mŁ ww½}y[}x!¶<yPHyPuŁy MmwFuÍFu¶3Ð% Ły[ewmººÁ¹Ôºﬀ¶<yTÏÓ}Fmy
 ŁyTH×®m w ŁŁn¸ºxP}m m}Łx2y e[ÃŁ}x
}ÁÆÇ[ÉmÊµÍFÆÇnÈﬀÊÃ}Pmº 
〈2νε(epi)n, eh〉∂Ω ≤ Cν
1
2 hk‖u‖k+1,Ω|||(eh, 0)|||.
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Í Ły[}m 5Ã6¹Ù}yuHnÌe Ł}y[ŁyT½}uwy2m e} ŁmH¼Ìyº 2wy
β
½ºŁy[y¶*y2º wy[
 e}y[}"m e
βh
Ã
|(epi,β · ∇eh)| ≤ |(e
pi, (β − βh) · ∇eh)|+ |(e
pi,βh · ∇eh)|
≤
∑
K∈Th
‖β‖1,∞,K‖e
pi‖0,KhK‖∇eh‖0,K
+ |(epi,βh · ∇eh − pi
∗
h(βh · ∇eh))|
≤ C
‖β‖1,∞,Ω
σ1/2
hk+1‖u‖k+1,Ω|||(eh, 0)|||
+ ‖h−
1
2 e
pi‖0,Ω‖h
1
2 (βh · ∇eh − pi
∗
h(βh · ∇eh))‖0,Ω.
À1ﬀ¶¶yŁŁ®¿+yx2xPP¤ŁÂÇ1PmF 
‖h−
1
2 e
pi‖0,Ω‖h
1
2 (βh · ∇eh − pi
∗
hβh · ∇eh)‖0,Ω ≤ ‖h
− 1
2 e
pi‖0,Ω‖β‖
1
2
0,∞,Ωju(eh, eh)
1
2
≤ C‖β‖
1
2
0,∞,Ωh
k+ 1
2
|‖u‖k+1,Ω|||(eh, 0)|||.
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ah(e
pi, eh) ≤ C|||(e
pi, 0)||||||(eh, 0)|||
+ Cν
1
2hk‖u‖k+1,Ω |||(eh, 0)|||
+ C
‖β‖1,∞,Ω
σ1/2
hk+1‖u‖k+1,Ω|||(eh, 0)|||
+ C‖β‖
1
2
0,∞,Ωh
k+ 1
2 ‖u‖k+1,Ω|||(eh, 0)|||.
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ÍbŁyT,º m w}y[Łm Ł
u
¶*º}u
p
 ÓÆÇT£ÊÃ
bh(y
pi, eh) = −(y
pi,∇ · eh − pi
∗
h(∇ · eh)) + 〈y
pi, eh · n〉∂Ω
≤ ‖h−
1
2 ypi‖0,Ω‖h
1
2 (∇ · eh − pi
∗
h(∇ · eh))‖0,Ω
+ C max
K∈Th
{
min
{
‖β‖−10,∞,K ,
hK
ν
}} 12
‖ypi‖0,∂Ω|||(eh, 0)|||
≤ C max
K∈Th
‖β‖
− 1
2
0,∞,K‖h
− 1
2 ypi‖0,Ωju(eh, eh)
1
2
+ C max
K∈Th
{
min
{
‖β‖−10,∞,K ,
hK
ν
}} 12
hk+
1
2 ‖p‖k+1,Ω|||(eh, 0)|||
≤ C max
K∈Th
‖β‖
− 1
2
0,∞,Kh
k+ 1
2 ‖p‖k+1,Ω|||(eh, 0)|||.
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bh(yh, e
pi) = −(yh,∇ · e
pi) + 〈yh, e
pi · n〉∂Ω = (∇yh, e
pi)
= (∇yh − pi
∗
h(∇yh), e
pi)
≤ ‖h
1
2 (∇yh − pi
∗
h(∇yh))‖0,Ω‖h
− 1
2 e
pi‖0,Ω
≤ Ch−
1
2 max
K∈Th
{ν, ‖β‖0,∞,KhK}
1
2 jp(yh, yh)
1
2hk+
1
2 ‖u‖k+1,Ω
≤ Cmax{ν, ‖β‖0,∞,Ωh}
1
2 |||(0, yh)|||h
k‖u‖k+1,Ω.
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ju(e
pi, eh) + jp(y
pi, yh) ≤ C|||(e
pi, ypi)||||||(eh, yh)|||.
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(u, p) ∈ [Hk+1(Ω)]d+1
I4ﬁQ'ﬁ& 
k ≥ 1
 <7Q'ﬁﬀﬂ@
	ﬁ C4
ÆÇnÊ
ﬁ /
(uh, ph)
<7 ,#'ﬁﬀ3@ 	  4
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‖p− ph‖0,Ω ≤ C
(
h+ max{ν, ‖β‖0,∞,Ωh}
1
2
)
hk
(
‖p‖k+1,Ω + ‖u‖k+1,Ω
)
,
ﬁ	-,
C > 0
 .ﬁ*	 /K89/=' 4
h
ﬁ/
ν
 
  5C4
 
wmºﬀ¶* Ł¾ô©ÇÃ M<}ºÖ©Â ¥Ë Ã}uŁy[}yy¸
vp ∈ [H
1
0 (Ω)]
d }wFu®uwﬀ
∇ · vp = p− ph, ‖vp‖1,Ω ≤ C‖p− ph‖0,Ω.
Æb©ﬀ¥eÊ
:¼ Ł
}uw* ½x%Ł wﬀº ®¶*º}uÁÑy·º m}}uwmm wº
¶y}yTmÖmF 
‖p− ph‖
2
0,Ω = (p− ph,∇ · vp)
= (p− ph,∇ · (vp − pihvp)) + 〈p− ph, pihvp · n〉∂Ω
+ ah(u− uh, pihvp) + ju(u− uh, pihvp).
t3uw[Ã y} ŁCw}[Ã×*¹Ôºﬀ¶L}uw
‖p− ph‖
2
0,Ω = (∇(p− ph),vp − pihvp)︸ ︷︷ ︸
I
+ ah(u− uh, pihvp)︸ ︷︷ ︸
II
+ ju(u− uh, pihvp)︸ ︷︷ ︸
III
.
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I = (∇(p− ph)− pih∇p+ pi
∗
h∇ph,vp − pihvp)
≤
(
‖h(∇p− pih∇p)‖0,Ω + ‖h(∇ph − pi
∗
h∇ph)‖0,Ω
)
‖h−1(vp − pihvp)‖0,Ω
≤ C
(
hk+1‖p‖k+1,Ω + max{ν, ‖β‖0,∞,Ωh}
1
2 jp(ph, ph)
1
2
)
‖p− ph‖0,Ω.
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II + III ≤ |||(u− uh, 0)||||||(pihvp, 0)|||+ (u− uh,β · ∇pihvp)
− 〈2νε(u− uh)n, pihvp〉∂Ω − 〈u− uh, 2νε(pihvp)n〉∂Ω.
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ÍbŁyT,º  H§Æb©ﬀ¥eÊÃ
(u− uh,β · ∇pihvp) ≤ ‖β‖0,∞,Ω‖u− uh‖0,Ω‖∇pihvp‖0,Ω
≤ C‖β‖0,∞,Ω‖u− uh‖0,Ω‖p− ph‖0,Ω.
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t3uwy¨"mw wŁPyx2*m}ym e}mºyTÖ }uŁy¹Ôºﬀ¶*º w%¹ÚuŁm 
〈2νε(u− uh)n, pihvp〉∂Ω + 〈u− uh, 2νε(pihvp)n〉∂Ω
≤ ‖(2νh)
1
2 ε(u− uh)‖0,∂Ω‖(2ν)
1
2 h−
1
2 pihvp‖0,∂Ω
+ ‖(2νh)
1
2 ε(pihvp)‖0,∂Ω‖(2ν)
1
2 h−
1
2 (u− uh)‖0,∂Ω.
{µ ½Łº}m 5Ã¶yuwnÌmy
‖(2νh)
1
2 ε(u− uh)‖0,∂Ω ≤ ‖(2νh)
1
2 ε(u− pihu)‖0,∂Ω
+ ‖(2νh)
1
2 ε(pihu− uh)‖0,∂Ω,
¶*uwyy¼uŁy 2wF3}y[}x }} 2Hy[[ÃeH ŁP yyx2y e¶*y¨y¨º ŁyTew×Ö¹Ômºﬀ¶y[®eŁŁn¸ºxPÍ
º 5Ã
‖(2νh)
1
2 ε(u− pihu)‖0,∂Ω ≤ Cν
1
2hk‖u‖k+1,Ω,
m w®}uŁy}y[m w6ÃH ŁPC}Fmy Ły[ewmººP¹Ôºﬀ¶<yT®®
6 Ìmy[}y¼ ŁyTH×Ã
‖(2νh)
1
2 ε(pihu− uh)‖0,∂Ω ≤ C|||(pihu− uh, 0)|||.
{µ uŁy}mx
y¨¹ÚuŁm ¶ym Hwy¨}uw
‖(2ν)
1
2h−
1
2pihvp‖0,∂Ω ≤ C|||(pihvp, 0)|||,
m w
‖(2νh)
1
2 ε(pihvp)‖0,∂Ω ≤ C|||(pihvp, 0)|||.
ÜÝyy H®uŁyŁem¹® w} Ł
}uHﬀ
|||(pihvp, 0)||| ≤ C‖p− ph‖0,Ω. 
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u ∈ [H2(Ω)]d
ﬃ
p ∈ H1(Ω)
{µ ®}uŁyy1¶<y% w3uwnÌmy*uŁy¨yTBymwm}ºC}}Łx2y[P ÖuŁy¨Ł}y[ÌºwuŁy}y[x ¶<y¨ºBmy
}xPŁŁyyTºxPﬀy[sº 2uŁyLﬀ¶Î"*y Łw` Łx%"y<}y[mx
yÂAt3uwyLxP Ö Byy Hy3¹Ômx
uŁy"m eL¹`Ìºy[¶m¹`m w3*}uHﬀ*}uwyŁy[ŁyFŁºÐTﬀ}m yx uw3}P"y}yTﬀ}yTmLm 
 wm w}}y[ eyxÂ`Ü ×uuŁLx }uwy¹Ômºﬀ¶* Ł2ºy[x2x2
¶*º+Ł}ﬀÌy¼Hy¹ÔŁ
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p ∈ H1(Ω)
-,.'
jp(pihp, pihp) ≤ C max
K∈Th
{
min
{
‖β‖−10,∞,K ,
hK
ν
}}
h‖p‖21,Ω.
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M<y[m}¶*uŁy[ CuŁyLŁLy ŁmŁ` ŁxCHy[`ºﬀ¶Î¶<y*uwnÌy
jp(pihp, pihp) ≤ Ch
2‖p‖21,Ω
Â wy
p
 Łº Łmy[¼uHm¼}uŁy2yŁm}º}yTeŁºy[½¹Ôm
jp(p, p)
xPm·my2y[ wyC}uwyC}ŁyC wmx x%wHy
y[Ły2w ŁyT6Â(Ü§y}x
wºwyC}Łºy wmxﬂ¶*×uŁmŁ*}uŁyŁy[}Ł}y¨"y wm×PyxÃŁ wx2y[ºÃ
|||vh|||
2
u
= ‖σ
1
2 vh‖
2
0,Ω + ‖ν
1
2∇vh‖
2
0,Ω + jv(vh,vh) + ‖|β · n|
1
2 vh‖
2
0,∂Ωin
+ ‖(γνν)
1
2h−
1
2 vh‖
2
0,∂Ω + ‖γ
1
2
n max
{
|β|,
ν
h
} 1
2
vh · n‖
2
0,∂Ω,
¹ÔL
vh ∈ [V
k
h ]
d Â
 <ß  Û²    ¬     ± ã   Û²­  'Ô° à
 '
u ∈ [H2(Ω)]d
-,.'+-,.' #,.ﬀ%/ 
|||u− pihu|||u ≤ C
(
σ
1
2h2 + max
{
ν, ‖β‖0,∞,Ωh}
1
2 h
)
‖u‖2,Ω,
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(u, p) ∈ [H2(Ω)]d ×H1(Ω)
<7Q,Q'ﬁﬀﬂ@
	ﬁ  4
ÆÇ[Ê
ﬁ/
(uh, ph) ∈ W
k
h
<7
-,. 'ﬁﬀﬂ@
	ﬁ  4
ÆÚÉeÊ
;-,.'
|||u− uh|||u ≤ C
[(
σ
1
2 +
‖β‖1,∞,Ω
σ1/2
)
h2 + max{ν, ‖β‖0,∞,Ωh}
1
2h
]
‖u‖2,Ω
+ C max
K∈Th
{
min
{
‖β‖−10,∞,K ,
hK
ν
}} 12
h
1
2 ‖p‖1,Ω.
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w% ÕuŁﬀ¶ }½}yTﬀuŁy® wm Í
m w}y e¼ e}ym1"y Hºyx ¹Ôm¼}uŁy
Ły[ŁymÂ
A
¼º Ï}uŁy
ŁyÌmw¼m}y%º¼.?Pºy[ e1}
w}ﬀÌy1uŁy eÌymy[ wy¼¹
eh = uh − pihu
Â
:¼ ŁÖy[ºÌºÁÆÚ¿5y[x2x2P¤wÂ ©mÊ3mŁyÌºw}º®m w}yTº ŁC}uHﬀ
|||(eh, yh)|||
2
= |||eh|||
2
u
+ jp(yh, yh),
¶*uwyy
yh = ph − pihp
Ã¶yuwnÌmy
C|||(eh, yh)|||
2 ≤ ah(eh, eh) + ju(eh, eh) + jp(yh, yh).
Æb©ÈÊ
t3uwy¨x2%2wy[½Ñmºy[}· uŁmm wmºº
·y[uŁy¹Ômx
ah(uh − u,vh) + bh(ph − p,vh) + ju(uh − u,vh)
− bh(qh,uh − u) = −jp(ph, qh),
Æb©ÅÊ
¹ÔL
(vh, qh) ∈ W
k
h
Â;:¼ ŁP Łﬀ¶ ÆV©mÅmÊº ÕÆb©ÈﬀÊ¶yuwnÌmy
C|||(eh, yh)|||
2
≤ ah(e
pi, eh)− bh(y
pi, eh) + bh(yh, e
pi) + ju(e
pi, eh)
− jp(pihp, yh).
Æb©¦Ê
* * æﬁRSTEH
ÇTÅ
" @& ﬁ  ) ﬂ    	ﬁ /K >
P  ﬁ'< 
t3uwy 2wF¼¹ÔŁ¨}yxP¨º §}uŁy2ºue¨uwm wÏ}yCm¹2Æb©¦mÊ¨m}yC}y[}y[Ïm¨º §}uwy
w}¹m¹t3uŁy[myx
¥HÂºÇmÂt3uŁ3yŁ
ah(e
pi, eh) ≤ C
(
|||(epi, 0)|||+ ν
1
2h‖u‖2,Ω +
‖β‖1,∞,Ω
σ1/2
h2‖u‖2,Ω
+ ‖β‖
1
2
0,∞,Ωh
3
2 ‖u‖2,Ω
)
|||(eh, yh)|||,
bh(yh, e
pi) ≤ Cmax{ν, ‖β‖0,∞,Ωh}
1
2h‖u‖2,Ω|||(eh, yh)|||,
ju(e
pi, eh) ≤ |||e
pi|||
u
|||(eh, yh)|||.
wm3uŁyyT wÖuŁyxﬂ ÕÆV©¦Ê¶<y 2wFLy[["}uw
(ypi,∇ · eh) ≤ ν
− 1
2 ‖ypi‖0,Ω|||(eh, 0)|||
≤ C
h
ν
‖p‖1,Ω|||(eh, 0)|||,
m wPuŁy[ wyÃPx%Ł Ł ŁuŁyTºxPﬀº Ö¶*º}uPuŁy¼ ŁyLw} ŁuŁyLy[FuŁ ŁeŁy1m¹¨Æb©Ç[Ês¶<y1mF 
bh(y
pi, eh) ≤ C max
K∈Th
{
min
{
‖β‖−10,∞,K ,
hK
ν
}} 12
h
1
2 ‖p‖1,Ω|||(eh, yh)|||,
A wmÃ¹Ôm3uŁy w w}y e3}y[}x uwnÌmy¨ ÓÆb©¦mÊ¶yuwnÌy
jp(pihp, yh) ≤ jp(pihp, pihp)
1
2 jp(yh, yh)
1
2
≤ jp(pihp, pihp)
1
2 |||(eh, yh)|||
m w¶<y wwy®m mŁŁ[ﬀº m¹(¿+yx2xPC¥HÂ ¤C
yTºxP}y
jp(pihp, pihp)
1
2
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yT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(u, p) ∈ [H2(Ω)]d ×H1(Ω)
<7 , 'ﬀﬂ@ 	 C4
ÆÇTÊ

(uh, ph) ∈ W
k
h
<7 -,.
'ﬀﬂ@ 	  4
ÆÚÉÊ
 /
yh
def
= ph − pihp
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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C > 0
	/=9.' /K  4
h
)7, -,.
jp(yh, yh)
1
2 ≤ C max
K∈Th
{
min
{
‖β‖−10,∞,K ,
hK
ν
}} 12
h
1
2 ‖p‖1,Ω
+ C
(
1 + max{ν, ‖β‖0,∞,Ωh}
1
2
)
h‖u‖2,Ω,
jp(ph, ph) ≤ Cjp(yh, yh).
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(u, p) ∈ [H2(Ω)]d ×H1(Ω)
*<  'ﬁﬀﬂ@
	ﬁ  4
ÆÇTÊ
ﬁ /
(uh, ph)
<7 -,. 7ﬁ '6
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‖p− ph‖0,Ω ≤ C max
K∈Th
{
min
{
‖β‖−10,∞,K ,
h
ν
}} 12
h
1
2
(
‖p‖1,Ω + ‖u‖2,Ω
)
.
å)(+*5åÙí
 
		ﬁﬀﬂ
ﬃ !		#"$ﬀ%'&('*)+-,.0/
ÇT¦
  5C4
 
{µ }uwy}mx
y}Łºº*}uŁyŁ¹A¹At3uwymyx ¥HÂ ©Â;:1}º ŁJM<}ºC¥HÂºÇ¨¹Ôw}ﬀÌ Ł%uwﬀ
uŁy}}y}yŁy[w}y¨mFmy eAŁx2wLm Ìmy[}y[[Â

t3uŁy®¹Ômºﬀ¶* ŁuŁy}y[x/ºÌy[m ÕmºxP
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(u, p) ∈ [H2(Ω)]d ×H1(Ω)
<7Q,Q'ﬁﬀﬂ@
	ﬁ  4
ÆÇ[Ê
ﬁ/
(uh, ph) ∈ W
k
h
<7
-,. 'ﬁﬀﬂ@
	ﬁ  4
ÆÚÉeÊ
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‖β‖0,∞,Ωh ≤ ν,
ÆÚ¤ªÊ
 /N,ﬁ$, 'ﬁﬀ3@ 	
(ϕ, ψ)
C4 , K/'ﬁ	 P9  K<ﬀ &


σϕ− β · ∇ϕ− 2ν∇ · ε(ϕ)−∇ψ = u− uh
	
Ω,
∇ · ϕ = 0
	
Ω,
ϕ = 0
ﬁ
∂Ω,
ÆV¤ŁÇTÊ
<7'ﬀ%ﬁ'ﬁ 
[H2(Ω)]d × [H1(Ω)]
 /  	   $
‖ϕ‖2,Ω + ‖ψ‖1,Ω ≤ C‖u− uh‖0,Ω.
ÆV¤©mÊ
ﬃ, ,  %$=	   &7ﬁ.ﬁ 
C > 0
	/=9.' /K C4
h
)7, -,.
‖u− uh‖0,Ω ≤ Ch
2
(
‖u‖2,Ω + ‖p‖1,Ω
)
.
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u − uh
 wKuŁy§}y[m wX
−(p − ph)
Ã
 e}y[mFﬀ} Ł
Öw}*m ww Ł2uŁyx2Ł32wyTÑmºy[}· uŁmm wmººÁÆV©mÅÊÃŁ×¹A¹Ômﬀ¶Lsuwﬀ
‖u− uh‖
2
0,Ω = ah(u− uh, ϕ) + bh(p− ph, ϕ)− bh(ψ,u− uh)
= ah(u− uh, ϕ− pihϕ) + bh(p− ph, ϕ− pihϕ)− bh(ψ − pihψ,u− uh)︸ ︷︷ ︸
I
+ ju(u− uh, ϕ− pihϕ)︸ ︷︷ ︸
II
+ jp(ph, pihψ)︸ ︷︷ ︸
III
.
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I ≤ |||u− uh|||u|||ϕ− pihϕ|||u + |(u− uh,β · ∇(ϕ − pihϕ))|
− 〈2νε(u− uh)n, ϕ− pihϕ〉∂Ω − 〈u− uh, 2νε(ϕ− pihϕ)n〉∂Ω
≤ C|||u− uh|||u|||ϕ− pihϕ|||u + C|||u− uh|||uh‖ϕ‖2,Ω
+ C‖p− ph‖0,Ωh‖ϕ‖2,Ω + C|||u− uh|||u‖h‖ψ‖1,Ω.
:¼ ŁJMHFueeÍFu¶m}Ð¼ wÓÆÇTÉmÊ Í,ÆÇTÅmÊm wy¨mº H
II ≤ ju(u− uh,u− uh)
1
2 ju(ϕ− pihϕ, ϕ− pihϕ)
1
2
≤ C‖β‖0,∞,Ω|||u− uh|||uh
3
2 ‖ϕ‖2,Ω.
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III ≤ jp(ph, ph)
1
2 jp(pihψ, pihψ)
1
2
≤ Cjp(ph, ph)
1
2 max
K∈Th
{
min
{
‖β‖−10,∞,K ,
hK
ν
}} 12
h
1
2 ‖ψ‖1,Ω
≤
C
ν
jp(ph, ph)
1
2h‖ψ‖1,Ω
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yT,º Ò¶y ŁºÕ} Ły}uŁyŁem¹ÚÂ F2¶<y
Ł}P}uŁyy[Hy[ wy Hy¨¹5uŁy¼m"*y[ ŁmŁ< ewx%"yº ®}uŁy¨Ły[Ły¼mŁºÐ[}m ®m wP wy[
 w}yTm}y¼uŁyCmŁºÐ[}m m }uwy% wx
w}yT}}ºwº×m H×º 5Â*t3uŁL¶3nP}uŁy%}ºwºy Ł}x ¶*º
"y%x2º w}yTe®}uŁy
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u ∈ [H2(Ω)]d
 w
p ∈ H1(Ω)
¶yPx%H
yﬀ¸}uwy
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F 
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ºÎmŁwº ŁÕyx2®}uwy§}m Ły®m e}mLm¹
uŁyP wx
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∑
K∈Th
γdivhK
∫
∂K
J∇ · uhKJ∇ · vhK ds,
∑
K∈Th
γph
3
K
∫
∂K
J∇phK · J∇qhK ds.
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〈
γnh
−1
uh · n,vh · n
〉
∂Ω
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jp(p, p)
CxP·y¨}y Hy¼}uŁy¨}Ły¨ wmx x%w*Hyy[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|||vh|||
2
u
= ‖σ
1
2 vh‖
2
0,Ω + ‖ν
1
2∇vh‖
2
0,Ω + jv(vh,vh) + ‖|β · n|
1
2 vh‖
2
0,∂Ωin
+ ‖(γνν)
1
2h−
1
2 vh‖
2
0,∂Ω + ‖γ
1
2
nh
− 1
2 vh · n‖
2
0,∂Ω,
¹ÔL
vh ∈ [V
k
h ]
d Â
 <ß  Û²  
 '
u ∈ [H2(Ω)]d
,+, #,.ﬀ%/ 
|||u− pihu|||u ≤
[
σ
1
2 h2 + max{‖β‖0,∞,Ωh, ν}
1
2h+ γdivh
]
‖u‖2,Ω,
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‖∇ · uh‖0,Ω ≤ |||(uh, ph)|||u.
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t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(vh, qh) = (0, pih∇ · vh)
ºy[w
‖∇ · uh‖
2
0,Ω ≤ ‖∇ · uh − pih∇ · uh‖
2
0,Ω + jp(ph, pih∇ · uh) + 〈pih∇ · uh,uh · n〉∂Ω .
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‖∇ · uh − pih∇ · uh‖
2
0,Ω ≤ ‖∇ · uh − pi
∗
h∇ · uh‖
2
0,Ω ≤ ju(uh,uh).
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jp(ph, pih∇ · uh) ≤ jp(ph, ph)
1
2 jp(pih∇ · uh, pih∇ · uh)
1
2
≤ −1jp(ph, ph) + C‖∇ · uh‖
2,
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 > 0
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〈pih∇ · uh,uh · n〉∂Ω ≤ 
−1‖γnh
− 1
2 uh · n‖
2
∂Ω + C‖∇ · uh‖
2.
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(u, p) ∈ [H2(Ω)]d ×H1(Ω)
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(uh, ph) ∈ Wh
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|||u− uh|||u ≤ Ch‖p‖1,Ω
+ C
[ (
σ
1
2 +
‖β‖1,∞,Ω
σ1/2
)
h2 + max{‖β‖0,∞,Ωh, ν}
1
2h+ γdivh
]
‖u‖2,Ω.
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bh(y
pi, eh) = −(y
pi,∇ · eh) + 〈y
pi, eh · n〉∂Ω
≤ ‖ypi‖0,Ω‖∇ · eh − pi
∗
h∇ · eh‖0,Ω + C‖y
pih
1
2 ‖0,∂Ω‖γ
1
2
nh
− 1
2 eh · n‖0,∂Ω
≤ Ch‖p‖1,Ω|||(eh, yh)|||,
jp(pihp, yh) ≤ jp(pihp, pihp)
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